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The acoustic radiation pressure exerted by a plane — progressive or standing — sound
wave on a compressible sphere suspended freely in a viscous fluid is calculated. In
deriving the general expression for the radiation pressure, it is supposed that the radius
of the sphere is arbitrary. Two limiting cases of interest are then considered. In the first
of these, it is assumed that the sound wavelength is much larger than the radius of the
sphere which is, in turn, much larger than the viscous wavelength, it being supposed
that this condition is satisfied both outside and inside the sphere. In the second case,
the situation is investigated when the radius of the sphere is small compared with the
viscous wavelength which is, in turn, much smaller than the sound wavelength, it being
supposed that this condition is satisfied, as before, both outside and inside the sphere.
It is shown that in both cases the expressions for the radiation pressure are drastically
different from the well-known expressions for the radiation pressure in a perfect fluid:
the calculation of the radiation pressure from the formulae obtained for a perfect fluid
in the cases when the effect of viscosity is not negligible gives both quantitatively and
qualitatively wrong results.

1. Introduction

An object placed in a sound field is known to experience a steady force which is
usually called the acoustic radiation pressure. This force is an analogue of the optical
radiation pressure exerted by an electromagnetic wave on an electrically or magnetically
responsive object, but the radiation force generated by a sound field is in general
substantially larger than the electromagnetic radiation force (Jones & Leslie 1978).

For this reason, the acoustic radiation pressure is found useful in many applications,
such as acoustic levitation, medical ultrasound equipment, etc. (Wu & Du 1990). For
example, in acoustic levitation the radiation pressure is used to counteract the
gravitational field for the purpose of containerless processing of materials and studies
in fluid dynamics (Trinh 1985; Lee, Anilkumar & Wang 1991). This force also plays
an important role in other acoustic phenomena, such as acoustic cavitation and
sonoluminescence (Walton & Reynolds 1984).

The original theory of acoustic radiation pressure was proposed by Rayleigh (1894,
pp. 43-45). The acoustic radiation pressure on a rigid sphere suspended freely in a
plane progressive sound wave field or plane standing sound wave field was first
calculated by King (1934), who, however, considered the radius of the sphere to be
arbitrary. The compressibility of the sphere was taken into account by Yosioka &
Kawasima (1955). This allowed King’s theory to be generalized to cases of dispersed
particles of finite compressibility, such as the motion of gas bubbles in a liquid or of
liquid drops in another liquid.

However, the above authors and others who have dealt with this matter have



2 A. A. Doinikov

neglected the effects of viscosity: as far as we are aware there are no works in which
these effects have been taken into account consistently and rigorously. In the present
paper this gap in the theory is filled, i.e. the acoustic radiation pressure on the sphere
is calculated assuming that the media outside and inside the sphere behave as viscous
compressible barotropic fluids. The theoretical investigation involves the calculation of
the radiation pressure exerted by a plane — progressive or standing — sound wave on
the sphere, it being supposed that the radius of the sphere is arbitrary. The limiting
cases are then considered when A, K R < A, A, K R A, 0T R<A, €A, R<KA, €A,
where R is the radius of the sphere; A, A, are the sound wavelengths outside and inside
the sphere, respectively; and A, A, are the viscous wavelengths outside and inside the
sphere, respectively. To anticipate, the expression for the radiation pressure in a
viscous fluid is found to be drastically different from that in a perfect fluid. In
particular, in a viscous fluid the radiation pressure due to a plane progressive wave can
cause the sphere to move both in the direction of wave propagation and in the opposite
direction, while in a perfect fluid the sphere is always urged away in the direction of
wave propagation (Yosioka & Kawasima 1955). These interesting phenomena are also
observed in a standing wave field.

2. Derivation of a general expression for the radiation pressure

Consider a spherical particle suspended freely in a viscous fluid whose motion is
described by the following tensor equations:
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where g, is the stress tensor, v is the fluid velocity, p is the fluid pressure, p is the fluid
density, # is the shear viscosity, and £ is the bulk viscosity. By ‘spherical particle’ we
shall mean either a gas bubble in a liquid, or a liquid drop in a gas or in another liquid.
So, the fluid surrounding the spherical particle can be either a liquid or a gas. This is
also the case for the medium inside the sphere; we shall suppose that the medium inside
the sphere behaves as a viscous fluid (liquid or gas) too, so that its motion is described
by equations corresponding to (2.1}(2.4).

As the sound wave propagates, the sphere will experience acoustic radiation

pressure, written as follows:
L= <J. rr,.kn,b.ds>, (2.5)
\J s(t)

where s(¢) is the position of the sphere surface at time ¢, n is the outward normal to the
sphere surface, and ¢ ) means an average over a sound wave cycle.

With accuracy up to the second-order terms in the amplitude of the incident sound
wave, (2.5) can be rewritten as

F ~ <j a§,1c)nkds> J (oP>n,ds, (2.6)
s(t)
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where s, is the unperturbed surface of the sphere, o} is the stress tensor of first order
in the sound wave amplitude, and o2 is the stress tensor of second order.
The tensor o)) satisfies the linearized equations (2.1)-(2.4) which have the form
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PV = M, (2.9)

where p, is the equilibrium fluid density, and ¢ is the sound speed. Here, we have used
the superscript (1) to denote quantities of first order in the sound wave amplitude.
The tensor {o{?) in a perfect fluid is known to be expressed through terms of first
order only. This is not the case in a viscous fluid. In order to find {(o{?) in a viscous
fluid, one must solve the time-averaged viscous equations of motion in the second
approximation, the so-called equations of acoustic streaming (Lighthill 1978):

¢ d
aT<O',(Li)> = p0$<1)1(:1) U§C1)>, (210)
k k
d 1 ¢
a@f)) = —p—a@(%?))a (2.11)
1 0 i

where v® is the fluid velocity of second order.
We shall return to (2.7)~(2.11) below, but now let us transform the first term on the
right-hand side of (2.6). It can be represented as

(1) 1 dofy
([ opns) ([ tna)—([ et). o
s(t) s T(t) k

where §is a fixed surface surrounding the sphere, and 7(7) is the volume bounded by
the surfaces s(f) and 5.

The first term on the right-hand side of (2.12) is equal to zero. By using (2.7) and the
relation (Yosioka & Kawasima 1955)

W
a( o dT:J a_”_dT_j oD@ . n) ds, (2.13)
dt ).  Of s
one obtains
s(t) s

Here, we have also used the fact that

e
—1 oPdr)=0. 2.15
<dt 7(t) ( )

Substitution of (2.14) into (2.6) yields

F,= f (P~ p v, ds. (2.16)
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It follows from (2.10) that the integral in (2.16) may be taken over any surface
surrounding the sphere. By using (2.3) and the relation

0@ gp®
(cvk ovs
k

ox, axk) = (nx (V x v'®)),, .17

we can write (2.16) in the vector form

sz<%@VMW+WXWXﬂ%+@—%mwm%—m@—mWWWmD®,

(2.18)
where p® is the fluid pressure of second order.

In order to go on with the calculation of the radiation pressure, one must solve
(2.7)~(2.11). The next two sections are devoted to finding these solutions.

3. Solution of the linearized viscous equations of motion
The velocity vV can be represented as (Lamb 1932)

v = Vo +Vxy, 3.1

where ¢ and y are the scalar and vorticity velocity potentials in the first approximation.
As usual, the scalar potential can be written as follows:

¢ =¢;+ds. (3.2)

where ¢, is the scalar velocity potential of the incident sound wave, and ¢ is the first-
order scalar velocity potential of the scattered wave.

Note that for progressive and standing waves, the problem involved is axisymmetric.
Let the origin of the spherical coordinate system (r, 8, €) be at the equilibrium centre of
the sphere and the wavevector k be in the direction of the z-axis. Then the scalar
potential ¢,, in the general case, can be written as

¢; = exp(—iw?) % A, j.(kr) P, (cosf), (3.3)

n=0
where w is the angular frequency of the incident sound wave, & is the wavenumber,
given by
L PO
=21t G4

Jn 1s the spherical Bessel function of order n, P, is the Legendre polynomial of degree
n, and the A, are constants to be determined by the type of incident wave.

The potentials ¢, and y are found from (2.7) and (2.8) which, by means of (2.3),
(2.9) and (3.1)—(3.3), are reduced to the form

A+k?)ps =0, (3.5)
(A+k2y =0, (3.6)

where k, = (1+1)/8, § = v/}, v=17/p, v is the kinematic viscosity, and the
quantity A, = 2nd is usually called the viscous wavelength.

By using (2.8) and (3.1)}~(3.5), from (2.9) one obtains an expression for p®™ which is
also needed for the subsequent calculations:

PV =1ip,c*k*p/w, (3.7)
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The axisymmetric solutions of (3.5) and (3.6) meeting Sommerfeld’s radiation
conditions at infinity are given by

s = exp(—iwn) 3 a, A, h,(kr) P, (cos 6), (3.8)
W =cxp(—ivt)e, X B, A, hyll,r) P (cosb), (3.9)

where h,, is the spherical Hankel function of the first kind, P{ is the associated
Legendre polynomial of the first order, e, is the unit vector of the spherical coordinate
system, and «,, and S, are constants to be determined by the boundary conditions at
the sphere surface.

Like vV, the first-order velocity of the medium inside the sphere can be represented

as
7D = VG+V x i, (3.10)

where the tilde denotes quantities that concern the medium inside the sphere.
There is only a refracted wave inside the sphere and its amplitude must be finite at
r = 0. Therefore, instead of (3.8) and (3.9) we have

¢ = exp(—iwt) 3, &, A,j,(kr) P, (cos ), (3.11)
n=0

W = exp(—iwtye, Y, B, A, j,(k,r) PV (cos b), (3.12)
n=1

where &, and §,, like o, and f,, are constants to be determined by the boundary
conditions at the sphere surface.
The above boundary conditions are expressed as follows:

vV =Y at r=R, (3.13)
(0'(1) (Pot+Ps7) i) iy = (O’m —Podi)n, at r=R, - (3.14)

where p, and p, are the equilibrium pressures outside and inside the sphere,
respectively, and pg, is the pressure of the surface tension.
In spherical coordinates (3.13) and (3.14) take the form

o =50, o =50 at r=R, (3.15)
0V —per—po =V —p,, oV =60 at r=R (3.16)

By using the formulae for the divergences and the curls of the velocities ¥ and #* in
spherical coordinates and taking into account (3.15), one can rewrite (3.16) as follows:

Po) 5 2R 7 (1) (1) 0o, (1) ﬁo“po*pST _
$— ( )¢+x ( 77)(21) +cotan (6) 5" + aa op, at r=R,
(3.17)

v
(€V]
wee — QO)W e+2R( —3)(—656 ﬁgl>>=o at r=R, (3.18)
o Xy n

where x, = k, R. These equations are more convenient for the subsequent calculations
than (3.16).

The pressure of the surface tension is known to be given by

Psy =—20H, (3.19)
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where o is the surface tension coefficient, and H is the mean surface curvature. The
formula for H can be found, for example, in Korn & Korn (1968). However, to
calculate H by this formula, an expression is needed for the perturbed surface of the
sphere. This expression can be written as

r=R+6O)exp(—iwr), (3.20)
the function {(6) being given by
() exp (—iwt) = Ju-ndl‘:—ﬂnn/wz, (3.2D)

where u is the sphere surface velocity of first order, # = du/d¢, and the second equality
in (3.21) follows from the fact that u ~ exp (—iwt).
Clearly
u=tY=pY at r=R. (3.22)

Replacing u in (3.21) by #V at r = R, substituting (3.31) into (3.20), and (3.20) into
the formula for H (see Korn & Komn 1968), one obtains an expression for H accurate
to the first-order terms in the amplitude of the incident sound wave as

H=H+H®, (3.23)
where
)l B o exp(mien 3 D (D)
Hy=—g H=—exp(—ion ¥ =0,0) (3.24)
£(0) = SR LG(0) &, + 0+ 1)/, (5) A1 P, (c0s ), (3.25)

#=kR, £, =k, R, and j,(%) = dj (%)/%.

Substituting (3.23)~(3.25) into (3.19), we can find pg,. Thus, we have all the
necessary quantities for calculating the constants «,, f#,, &, and f,. Substituting
(3.1)-(3.3), (3.8)(3.12), (3.19) and (3.23)(3.25) into (3.15), (3.17) and (3.18), one
obtains four combined algebraic equations in the unknowns a,,, 2, &, and . These
equations can be written in matrix form as

M-X =N, (3.26)
where X and N are given by
%, X (%)
x= [P, n= |50 (3.27)
y Jal)
B 0

in which x = kR. The elements of the matrix M, for which » > 1, are given in
Appendix A. For n = 0, equations (3.26) are reduced to two combined equations in the
unknowns «, and &, (4, = f, = 0). By solving them, one obtains

_ le(x) — b]o(’c)

Ay = m, (3.28)

where

T TIPS rope Pl 70 ) N | e
b—XJl(X){ pofo(x)+2x.11(x)[ 2 RSJ} (3.29)

2
xv pﬂw

(the constant &, is unnecessary for the calculation of the radiation pressure).
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For n = 1, equations (3. 26) can be easily solved by one of the conventional methods.
However, the exact expressions for «,, and #, are very complicated. Therefore, they are
not given in this paper. The approximate expressions for a,, and g, (n = 0, 1, 2) in some
limiting cases of interest are given in Appendix B. We shall consider these cases later.

4. Solution of the equations of acoustic streaming
The velocity {v'®) can be represented as follows:

WPy = P H+ <), 4.1)

where {(v{?) is the velocity of the stationary flow which exists in the sound field in
absence of the sphere, and (v?) is the velocity of the acoustic streaming arising around
the sphere. Like vV, the velocity (v{¥> can be written as

P> =VP+VX P, 4.2)
S

where @ and ¥ are the scalar and vorticity velocity potentials of the acoustic streaming.

Substituting (4.2) into (2.3), (2.10) and (2.11) we obtain, after some manipulation,
equations for @, ¥ and (p?> (we write {(p?> for the pressure of the acoustic
streaming) as

AP = —p;tV-{pDo® 4.3)
AAY = —p 'V x oDV - v D)+ (0P - V) V), (4.4)

V) = AV x ¥— p oD (V - vD) + (@D - V) vV s — pg (€ +57) V(V - {pPo D))
4.5)

Here, we have also used the subscript S on the right-hand sides to indicate that the
expressions do not involve components that are only expressed in terms of the incident
wave. For example, {pWv®) = (pWp®> - pPov®>, where vV =V¢, and
Py =ip k¢ /w (see (2.9) and (3.7)).

First, we shall solve (4.3). The term on its right-hand side can be expanded in
Legendre polynomials as

Pt (e = 3 B () P, cos), (46)

where
R2
pn(¥) = o7y V- @Dy P, (cos d) sin 6 do, 4.7)
0J0
and y =r/R.
It is obvious that @ should be sought in the following form:
@ =3 ,(») P, (cos). (4.8)

=0

Substituting (4.6) and (4.8) into (4.3), one obtains an equation for the function @ ,(»):

n(n+ 1)

¢;(y)+§¢;(y)— ,(3) = — n+ D (), 4.9)

where ®,(y) = d®,(»)/dy.
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The solution of (4.9) is

@,(y) =y " (fy

1

Y

2"y, (2)dz— Cm) —y" (J

1

77Dy (2)dz— Czn) . (4.10)
It follows from the condition V& —0 as r — co that

Con = jw 7Yy (2)dz. (4.11)

1

The constant C,,, is to be determined by the boundary conditions at the sphere surface.

The solution of (4.3) has been obtained, and now we look for the solution of (4.4).
The term on its right-hand side can be expanded in Legendre polynomials and in
associated Legendre polynomials as

y (T o) + (00 V) o) = 25 S (2n+1) x,(2) Py (c0s 6)
n=0

— 25 20+ 1) 1, (3) PP (cos ), (4.12)
n=1
where
R’ W7 s 4 (p0. ¥) oD -
X)) = Z—Vﬂer- PV ')+ WV -V) o'V P, (cos §) sin 640, (4.13)
R3
Yol V) = — o ) f ey OV D)+ (0 - V) oD> PO (cos §) sinfdb.  (4.14)
0

This term can be written as

v I yP(V- o V) + (0 V) p'V) = VO +V x g, 4.15)

where Q=R1*Y Q,(»P,(cosb), 4.16)
n=0

q=¢eR7 3 q,(y) P (cosb). (4.17)
n=1

Equating the terms on the right-hand side of (4.15) to those on the right-hand side of
(4.12), one obtains two simultaneous equations for the functions Q,(y) and g,(»):

YQu(») +nn+1)q,(y) = 2n+1) yx,, (), (4.18)
Q. +y4,() +4,(y) = Cn+1) yxen( ). (4.19)
Solving (4.18) and (4.19) by the Lagrange method, one finds

0,0 =y (n

1

2 Xon(2) + (1) xon(2)] dz — Csn)
+y" ((n +1) f 2 D) — (D] dz — C4n) , (420
qn(y) =y~ "y (_rl 2" XD + (14 1) x5, (2)] dZ—%)

n v ~7 C4n
([ 7 bt - mns— ). e2m

1
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It follows from the boundary conditions at infinity that

Con = (1+1) f Y D) — (@] . 422)

Like C,,, the constant C,,, is to be determined by the boundary conditions at the sphere
surface.
Further, substitution of (4.15) into (4.4) yields

AAY = Aq 4.23)
or equivalently A¥Y =gq. (4.24)
Taking into account (4.17), the solution of (4.24) is sought in the form
W= 3 V()P (cosb), (4.25)
n=1

Substituting (4.25) into (4.24), one obtains an equation for the function ¥, (y):

7.(y) +% Y’;(y)—n(nyj ) () = 4,(). (4.26)

The calculations give

—(n-+1) Y
P = 2], 2 U@+ 0 x0@ 2 ~Coo)

1
—(n-1)

Y C
2], @+ 0 D 182 -2

+‘z(2ﬁ' Yy (f ZOP (@ = (1= 2) (@] dz = Cs")

1

yn+2 Y . C4n
— ———2(2n T 3) (J; z [Xrn(z) ha nXﬁn(Z)] dz— e 1) . (427)

Note that (4.10) contains the term C,,/y"*! which yields the same velocity field as
the term C,,/2(2n+3) y™*! of (4.27).

Actually,
V x[e, P (cos8)/y"*!] = —nV [P, (cos 6)/y"+]. (4.28)
In view of this, the above-mentioned term in (4.27) can be dropped, i.e. we can assume
Ce, =0.

It follows from the condition V x ¥ -0 as r - oo that
Y
Csn = f 7V [y, (2) — (n—2) ¥p,(2)] dz. (4.29)
1

Finally, substituting (4.15) into (4.5) and using (4.24), one obtains an expression for

PP as
PP =—n0—p (§+49/3) V- {pPv) . (4.30)

With the exception of the constants C,,, and C,,, the solutions of the equations of
acoustic streaming outside the sphere have been derived. To find the above constants,
the following boundary condition should be applied

v=1"9 at r=R+{Oexp(—iwr), (4.31)
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where v and ¥ are the exact velocities of the media outside and inside the sphere,
respectively. That is to say, we apply the boundary condition of continuity of the fluid
velocity across the sphere surface to the perturbed surface of the sphere. This boundary
condition should be written with an accuracy up to the second-order terms and be
averaged over a sound wave cycle. This results in

B . ' . B . oL

P> —w 2<u, =)= (P —w 2<u,—-—ar > at r=R. (4.32)

Suppose that the sphere does not execute a ‘slow’ motion. To put it in another way,

we suppose that the sphere is not moving in the second approximation (for example,

we can assume that the sphere is acted on by an external force that is equal and
opposite to the acoustic radiation force). Equation (4.32) then takes the form

av(l)

@y =0t (4 20) - P> at r=R (433)

Thus, for the calculation of the constants C,,, and C,,, it is not necessary to solve the
equations of acoustic streaming inside the sphere.
The terms on the right-hand side of (4.33) can be written as

(2) -2/ . vV e, \;
WP>—w o =ﬁ2 (2n+1)a, P,(cos )
n=0

—%’ S Qn+1)b, PV (cos6) at r=R, (4.34)
n=1
where
R vtV

a, == v® —w %, —— ) P,(cosf)sinfdf at r=R, 4.35)
2 s or

R ovg) .
b, = i) f<w'2u,Ti—v§?> P®(cosh)sinfdfd at r=R.  (4.36)
(1}

Substituting (4.2), (4.8), (4.10), (4.25), (4.27) and (4.34) into (4.33), one finds
_n@n—1) . n@2n+1)

= 7 [P S A, 1
C =30+ D Cr T At D@t 3) Cn e
Qn+1)(n—2)  nQn+1)
>
i) Gt e 20, @3)
C C C,, a
—_ 2 __ 5n . in _ 2n __ n__ >
Con = n(4n l)[2(2n—l) An+ D(2n+ 1) n+l ntl b"]’ nzl. (438

5. Completion of the calculation of the radiation pressure

Now we can resume calculating the radiation pressure. Substituting (4.2), (4.6), (4.8),
(4.25) and (4.30) into (2.18) and using (4.9), (4.24) and (4.26), one obtains

F=—4nyC,, m—pof V(P -n)>gds, 5.1
8
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where m is the unit vector in the direction of wave propagation. Then, substituting
(4.11), (4.22) and (4.29) into (4.38), and (4.38), in its turn, into (5.1) and using the
relation

2nym F By =y xn(M+2xn(»]dy

2n T 0
- pf deJ a0 f (1 — ) OOV -m)> s p, f POV myyods, (5.2)
0 0 1 Sp
where d2 = R®sin 6dd, one has

F= 6n77m(a1+2b1)+3nvmj j V- {pPoPy cosfdQdy
1 0

—3np,m j J 1=y [P0 cos 0 —vPviP sin 0 ¢
1 0

+1Rye, oV (V- o)+ (0™ - V) vV ) sin A]dQR dy. (5.3)

To complete the calculation of the radiation pressure, it is necessary to substitute the
solutions of the linearized viscous equations of motion which have been derived in §3
into (5.3). After carrying out this operation, the general expression for the radiation
pressure takes the final form

F=F,+F, (5.9)
where F= F-m,

s o ntl
Fr= 2’tp"nzjo(zw1)(2n+3)

Dn = Sln an a:+1+S2nﬂnﬁ:+1+S3n anlg;';-f—l_}_Sz}nﬁn a’:+1
+S5na’n+S6na1t+1+S7nﬂn+S8nﬂ:+1+SQn’ (56)

(DnAn,A;:+1+D;: A;: An+1)= (55)

F, = ;—me vP ds. 5.7

The expressions for the functions S;, (j =1, ...,9) are given in Appendix C.

The force F;, is just the radiation pressure. The force F; is brought about by the
stationary flow which is in the sound wave field even when the sphere is absent. This
force is an analogue of Stokes’ drag force.

We are interested in two types of sound waves: a plane progressive wave and a plane
standing wave. The scalar velocity potential of the plane progressive wave is given by

¢; = Aexp (ik-r—iwt). (5.8)

By expanding (5.8) in Legendre polynomials (Abramowitz & Stegun 1965) and
comparing the series obtained with (3.3), one has for 4,

A, = AQn+ Di". (5.9)

Substituting (5.9) into (5.5), one obtains an expression for the radiation pressure
exerted by the plane progressive wave:

Fy = Yinp, A4* Y, (n+1)(D, — D%). (5.10)

n=0
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By solving (2.10) and (2.11) for the incident sound wave only (i.e. when the sphere
is absent) it can be readily derived that

%Mz

WPy = =20 (k+ k*)exp (k- r—ik*-r). (5.11)
Substitution of (5.11) into (5.7) yields
M vk
F, = —3inp, A4*xx*(x + x*) x;?s‘—n(x:cf—). (5.12)

The scalar velocity potential of the plane standing wave is given by
¢, = Acos (k-r+kd)exp(—iwt), (5.13)

where d is the distance between the equilibrium centre of the sphere and the nearest
plane of the velocity nodes. By expanding (5.13) in Legendre polynomials and
comparing the series obtained with (3.3), one finds

= L4(2n+ 1)i*[exp (ikd) + (— 1)" exp (—ikd)]. (5.14)

Substituting (5.14) into (5.5), one obtains an expression for the radiation pressure
exerted by the plane standing wave:

Fp =3np, AA* i (—=D*n+1)(D, sin(2kd)+ D} sin (2k*d)). (5.15)

n=0

It can be easily verified that for the case of the standing wave

2
oy = 1|kA| B (k= k*)sin[(k+ k*) (z+ d)] — (k+ k¥ sin[(k—k*) (z+d)]].  (5.16)
Substitution of (5.16) into (5.7) results in
*
F, = —inp, AA*> [(x x*)sin (kd+k*d)§9(:c_+f)

— (x4 x*)sin (kd— k*d)ﬂxx—:)]. (5.17)

Next, some limiting cases of interest are considered. It is to be emphasized that the
force F;, (which, generally speaking, does not concern the radiation pressure) will only
be mentioned in the cases when it is of the same order as the force Fy.

6. Radiation pressure on the sphere in the limiting case |x| € 1 < |x,],
IX <1 <%

The approximate expressions for the functions S;, required for calculating the
radiation pressure in this limit are given in §C.2 of Appendix C.

6.1. A= (py/(5,&) = O(D), = [(po /(B = O or A < 1, p < 1
These conditions describe the motion of a liquid drop suspended in another liquid or
in a gas. The principal contribution to (5.5) comes from D, and D,. The approximate

expressions for the constants a,, , and g, required for calculating these terms are given
in §B.1.1 of Appendix B.
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6.1.1. Plane progressive wave

Substituting all the necessary quantities from the above-mentioned Appendices into
(5.10) and retaining only the leading term in the expansion of the radiation pressure in
powers of x, one obtains

_ * (,50 —',00)2 3 0
Fp = 6mp, A4 Tt 0T 1) (k, R) 7 6.1)
where k, = w/c.

In a perfect fluid, the radiation pressure exerted by the plane progressive wave is
known to be proportional to (k, R)® (Yosioka & Kawasima 1955). It follows from (6.1)
that the leading term in the expression for the radiation force in a viscous fluid is
proportional to (k, R)*6/R. Thus, the viscosity, even though it is small, can cause a
substantial increase of the radiation pressure. This phenomenon must be observed
for a drop under the condition R < A (8/A,)i.

6.1.2. Plane standing wave

The calculations show that, in this case, the leading term in the expression for the
radiation pressure in a viscous fluid is the same as that for the radiation pressure in a
perfect fluid.

62. A» 1L, pu>»1

These conditions describe the motion of a gas bubble immersed in a liquid. The
principal contribution to (5.5) comes from D,. The approximate expressions for the
constants «,, o, and g, required for calculating this term are given in §B.1.2 of
Appendix B.

6.2.1. Plane progressive wave

Substituting all the necessary quantities from the above mentioned Appendices into
(5.10), one obtains

(ko R)* + 37— 3wy/*) (ky R) (3/ R)?
(1—w5/0*)* + ko R+ 20/ RF

F, =2np, AA* (6.2)
R Po

where o, is the angular resonance frequency of the gas bubble which is given by

| 1
Wy = EBCZPO/,DU—ZO'/,DO Ry:. (6.3)

By comparing (6.2) with the corresponding formula for the radiation pressure in a
perfect fluid (see Yosioka & Kawasima 1955), we conclude that taking into account the
viscosity yields a correction, the magnitude of which depends on the ratio of the
quantities k, R and R/d. This correction becomes dominant when R < (Ag o). It is
easily seen that since A, > R > &, as is assumed, this situation, in principle, can occur.
Moreover, if this happens, the force F, can change its sign if w? > %o?, i.e. the bubble
will move in the direction of the sound-emitting transducer, while in a perfect fluid the
bubble always moves in the direction of wave propagation (Yosioka & Kawasima
1955).

6.2.2. Plane standing wave

In this case, the leading term in the expression for the radiation pressure in a viscous
fluid is identical with that for the radiation pressure in a perfect fluid.
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7. Radiation pressure on the sphere in the limiting case |x| < |x,| <1,
(Xl <%, <1

The approximate expressions for the functions S, required for calculating the
radiation pressure in this limit are given in §C.3 of Appendix C.

7.1 A=0Q), p,/py = O(1) or A€ 1, p, < p,, the ratio 3/% may be arbitrary
This is the case of a liquid drop suspended in another liquid or in a gas. The principal
contribution to (5.5) comes from D, and D,. The approximate expressions for the
constants «, and g, (n = 0, 1, 2) required for calculating these terms are given in §B.2.1
of Appendix B.

7.1.1. Plane progressive wave

Substituting all the necessary quantities from the above mentioned Appendices into
(5.10) and retaining only the leading term, one finds

Fy = bnp, AA*(5— 20— 8,) (k, R)'(8/R)" (7.1)

The expression for the function f] is given in §B.2.1 of Appendix B. It should also be
noted that (7.1) is valid under the condition

400 .
8 > m(l +u/Mx), (7.2)
0

where g, = 89+487/7+ 387 /7 (7.3)

(see the note at the end of §B.2.1 of Appendix B).

As already mentioned, the radiation pressure ¢xerted by the plane progressive wave
is proportional to (k, R)® in a perfect fluid. It follows from (7.1) that the force £ is
proportional to (k, R)*(8/R)?, the quantity §/R being large. This leads us to conclude
that the magnitude of the radiation force in a viscous fluid is substantially larger than
that of the radiation force in a perfect fluid. Moreover, it is easily seen that the
expression between the first round brackets in (7.1) can change its sign. That is to say,
the force given by (7.1) can set the drop moving both in the direction of wave
propagation and in the opposite direction, while in a perfect fluid the drop is always
urged away in the direction of wave propagation.

These conclusions may be illustrated by considering the particular case of an
ethyl alcohol drop in glycerin. For glycerin at 20 °C and p, = 10° Pa one has p, =
1.26x100kgm™, ¢=19%x10*ms™", =148 Pas. For ethyl alcohol the same
quantities are p,=0.79x10°kgm™, ¢=104x10*ms™", 5 =12x10"*Pas,
o =223x102Nm™ Setting R = 107®* m and /= 1 kHz (where f is the sound wave
frequency), one obtains |x| & 3.3 x 107% |x,| 2 2.3 x 107%,|%] = 6.10 %, |% | = 6.4 x 107~
Thus, the conditions |x| < |x,| <€ 1 and |X| < |X,| < | are satisfied. It can be verified that
condition (7.2) is satisfied, too. Substituting all the necessary quantities into (7.1), one
finds

F, = —mp, AA*(k, R)® x 2.9 x 10°. (7.4)

The radiation pressure calculated by the corresponding formula for a perfect fluid (see
Yosioka & Kawasima 1955) is given by

Fyy & mipy AA*(ky RY x 1.6 1073, (7.5)
The ratio of |Fg,| to |Fy,| is of the order of 107
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It is to be noted that the force F;, given by (5.12) is of the same order as the force
F,, in the case involved. Actually, passing to the limit |x| <€ 1, from (5.12) one obtains

F, = —inp, AA*(k, R)*(8/R)". (7.6)
It follows that the total force F is written as
F=—inp, AA*(2+ A+4f,) (k, R)* (6/R)". (1.7)

For a drop placed in a gas the total force F can become very small since A < 1
and f, -—1 as /% — 0. In this case, the next term in the expansion of Fy, in powers of
R/d should be found since it may be of the same order as that given by (7.7).

7.1.2. Plane standing wave

Substituting all the necessary quantities from the above mentioned Appendices into
(5.15) and retaining only the leading term, one obtains

F,, = np, Ad*sin 2k, d) (k, R)*G, (7.8)

where G =3(S,+S,+5S)), (7.9)
Sy = 1=A+15(1=75o/py), (7.10)

S, = 2£,2f,—1)—4/,, (7.11)

S ————ﬁ"—_—’%——(43—10/\—120(3—n/17)(f3~ﬁ1)+50f1). (7.12)

P 30py(3+29/9)

The expressions for the functions f; are given in §B.2.1 of Appendix B. Just as for (7.1),
formula (7.8) is valid as long as condition (7.2) holds.

As before, let us study (7.8) by comparing it with the corresponding expression for
a perfect fluid. The latter is known to be proportional to (k, R)®. The radiation force
in a viscous fluid is found to be proportional to (k, R)?, too, but its structure is quite
different. To demonstrate the distinctions, let us consider two limiting cases: 4 > 5 and
7 < 7. For the first of these, from (7.9)~(7.12) one obtains

G=11 +xf)‘1{1 —A+X§(2—A)—%p—p—°(5(9+2,\)+X§(63+ 10/1))}, (7.13)
1]

where X1 = —1—92—2%5, (7.14)
and instead of (7.2) one has
oRpy/(n) < 1. (7.15)

Formulae (7.13)~(7.15) describe the motion of a liquid drop in a gas or of a high-
viscosity liquid drop in a low-viscosity liquid. It is apparent that the factor G can be
both positive and negative. A drop for which G > 0 is urged away towards the velocity
antinodes. Conversely, a drop for which G < 0 is forced away towards the velocity
nodes. The same phenomenon occurs in a perfect fluid, too, but the condition under
which the radiation force changes its sign is different. To illustrate this, let us consider
the particular case of a glycerin drop in an air. The data for glycerin are given above,
except o that is taken to be equal to 6.57 x 1072 N m™. For air under the same
conditions one has p,=12kgm™®, ¢=330ms™"', »=18x10"°Pas. Setting
R=10"°m and f=1kHz, one obtains: |x] a2 1.9x107% |x|=~2x107% X~
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3.3x 1078, |£,] &~ 2.3 x 1073, Note that the conditions |x| < |x,| € 1 and [%} < |%,| <1
are satisfied, as well as (7.15). Substituting all the necessary quantities into (7.8), (7.13)
and (7.14), one finds

F,, ~ —np, AA*sin 2k, d) (k, R)* x 2.4 x 10%, (7.16)
while for a perfect fluid we have
Fpp = mp, AA* sin 2k, d) (k, R)* x 0.22. (7.17)

Thus, taking into account the viscosity causes a substantial increase of the radiation
force and changes its sign.
Now let us consider the limit 7 < ». From (7.9)+7.12), one obtains

i ~ 22
(_7,_19,00—9/)0 A 2 [ B S 3)(2], (7.18)

30p, 3 91+xD)|3p R 5
h _ 7 (7.19)
where X =g Ry’ .
and condition (7.2) becomes
oRpy/7* < 1. (7.20)

This is the case of a low-viscosity liquid drop suspended in a high-viscosity liquid. To
illustrate this, let us consider the particular case of a water drop in glycerin. The data
for glycerin are given above. For water one has g, = 10°kgm™, ¢ = 1.5x 10 m s7%,
7=10"7Pas, 0 =727x107* Nm. Setting R = 107* m and f = 1 kHz as before, one
obtains: x| & 3.3 x 107%, |x,| & 2.3 x 1072, %] ~ 4.2 x 1078, |%,| ~ 8 x 1072 Itis apparent
that the conditions |x| < |x,| < ! and |%] < |%,| < 1 are satisfied. It is easily verified that
(7.20) is satisfied, too. Substituting all the necessary quantities into (7.8) and (7.18), one
finds

Fp, = mpy AA* sin (2k,d) (k, R)® x 1.99 x 10%. (7.21)
Meanwhile, for a perfect fluid the radiation force is given by
Frp & —mpy AA* sin 2k, d) (ky R)* x 0.46. (7.22)

By comparing (7.21) with (7.22), we conclude that the same distinctions occur as in the
first case, i.e. the radiation force exerted by a plane standing wave in a viscous fluid is
really drastically different from that due to a plane standing wave in a perfect fluid.

T2.A> 1, py > po, 1> 7
In this case, a gas bubble immersed in a liquid, the principal contribution to (5.5) comes
from D,. The approximate expressions for the constants o,, o, and g, required for
calculating this term are given in §B.2.2 of Appendix B.

7.2.1. Plane progressive wave

Substituting all the necessary quantities from the above-mentioned Appendices into
(5.10) and retaining only the leading term, one obtains

L (5—w2/0?) (ko R) (3/ R)?
A e v 4G R

The radiation pressure exerted by a plane progressive wave on a gas bubble in a
perfect fluid is known to be proportional to (k, R)? (Yosioka & Kawasima 1955). It is

F, =mp, (7.23)
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apparent that the radiation force given by (7.23) is substantially larger than that in a
perfect fluid. Moreover, the force Fy can change its sign according to whether w; < 50?
or w? > 5w®. Thus, for gas bubbles the same phenomena occur as for drops.

To illustrate this, let us consider the particular case of an air bubble in glycerin. All
the required data for glycerin and air have been given above. Setting R = 10™° m and
f = 1kHz, from (7.23) one finds

F,, ~ —np, AA* x2.2x 1077, (7.24)
while for a perfect fluid we have
Frp = mpy AA* x 8 x 10725, (7.25)

The ratio of |Fy,| to |Fy,| is of the order of 10'".

7.2.2. Plane standing wave

Substituting all the necessary quantities from the corresponding Appendices into
(5.15) and retaining only the leading term in the expansion of the radiation pressure in
powers of (k, R), one obtains

1—w/w?—(8/R)*
(1—wy/0*)?*+4(0/R)*

By comparing (7.26) with the corresponding formula for a perfect fluid (Yosioka &
Kawasima 1955), we conclude that the radiation force in a viscous fluid can be in
general substantially larger than that in a perfect fluid. To illustrate this, let us again
consider the case of an air bubble in glycerin. Then for the ratio of Fy, to Fy,, one
obtains

Fy =mnp, AA*sin (2k,d) (k, R) (7.26)

Fry/Frp ~ 2.6 % 104, (1.27)

It follows that the radiation force exerted by a standing wave is increasing in a viscous
fluid, although not so much as that due to a progressive wave, the former having the
same sign as in a perfect fluid.

To summarize, the calculation of the radiation pressure from the formulae for a
perfect fluid in cases when the viscosity effect is not negligible gives, both quantitatively
and qualitatively, wrong results.

Appendix A. Elements of the matrix M (n > 1)

mll = _Xh;z(x)a m12 = _n(n+ 1)hn(xv)’ m13 = i.]’n(i)a m14 = n(n+ 1)]n(iv)7
21— _hn(x)5 m22 = _hn(xv)_xv h;z(xv)’ m23 =]n(i)’ m24 = iv];t(iv) +]n(x~v)v
My = My, My, =0,
o =220 = 2D = 17,04 25,00 - =D D 3 )]
= n(n + 1):00 [ (1 77/77) ((1 n)]n(iv) + x~vjn+1(iv)) _"gni—l)g_n—j—z)a-]n(iv):l »
Pow R
Mo =0, me=—hye). iy = PEZID () (545,005,

m44 Po[ ( v) ( 77/77) (( 2 I)Jn(x~v) +£vjn+l(x~v)):| .
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Appendix B. Approximate expressions for the constants o, and £,
(n=0,1,2) in two limiting cases
B.1. Case |x]<1<|x,, |5 <1 <%,
B.LL A= (py)/(70@) = O), o= [(pon)/GoMF =01 or A< 1, p < 1
- x*(fy—p )( 6i( oy — po) )
o, = —LHx3(1—A), = o T L . .
¢ T R L R 7 Rewn ()
1x( py— Po) €XPp (—1x,) (1 9P0 + (205 + po) (1 — 2/‘*)) )
2Py +po) (1 + 1) x,(2Py+po) (1 + 1)

P =

B1l2 A>1, a5 1

.= ix(wy/0*—1+ix—4/x%) w2=362/5°(1— 20 )
O (@3 =12+ (x+4i/x32 " R 3¢%5, R
0 v 0

o = ix3(ﬁo_po)( 6154( Po— Po) ) B, = ix(py—fo) eXp(—ixv)(l +21_,u)
L3260+ py) %, p02p0 ) T 2P+ po)

v

B.2. Case x| <€ |x,| <1, %] <|%,| <1

B.2.1. A= 0(1), p,/p, = O(1) or A €1, p,/p, < 1, the ratio of y to ij may be
arbitrary

13 5 20~ 1 ~
0 = —Lix¥(1 — ), o, = X P po)(1+2xv(po Po) +n/77))’

9p, 3po(3+27/7)
B, = ixx3(fo— Po) [1 _x‘?) (T+49/5 -4 +4/7) )50/:00)]
' 9p0 6(3+27/7) '

2ix*x

t = T Nt R, fo= 25" xS

Here
fi=8/8» fo=8:8:/281 [fo=858:/108: [, =8:86/28

g1 = &8s — X3l (L +9/7) (5+27/7) 1605® /( p§ w* RE),

i " 80c
8, = 19+387/n—129/f — - (209+14877/?7+48?7/'7)+ 2R3(1+n/?7)

400
85 9~(25+370?7/?7 807/7)— 12197 /9 — 471/77——2133(5+2?7/n)

8a
2R3(5+2?7/77)

£ 9~(5+74n/77—16?7/n) 3—4y/7—
gs = (1—3/m) (19+169/7), g, = 89+48y/7+387/7,
= gi+1Ix3l (1 +7/%)*(400 /p, 0" R?)®.

Note that the expressions for a, and j, have been calculated under the assumption that
g6 > (400 /py 0 R*) (1 +9/7) |x;).
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B22. A> 1, p)/py > L, 9/ > 1
" = ix(wi/w®—1—4/x2)
0= @R =P —16/x1"

=—ix’'Q—-x))/27, f =—ixx;3—x,)/27.

Appendix C. Expressions for the functions §;, (j=1,...,9)

C.1. Exact expressions for the functions S,
= §((n+2) X —nx®¥) (H 7, (e, x) = H ) (6, ) — X (H 91, (x, X) — H (2, (x, X))
+ (2 —x**)/x2) (nx*H D (x, x) + (n+2) xH Y| (6, x) = xx*H )L (x, x)
+(ex*/x3) G2 (x),
Som = n(n+2){x, x3 (H )1, (0, x,) — H 2,1,(x,, x,)) — (04 1) X5(H 7,14 (x,, X,)

—H 31, x,) = (n+ DI () (P ()Y + (i (x,) AL ()]

=(””){%(nxi*—<n+1>x2>(H;°,1ﬂ(x,xv> H®, (x,x,) = xxH(H O, (%, x,)

— H (6, %,) + 5 ”(H< D0xx,) — HO (6, x,) +> ”(Hifll’nﬂ(x,xv)

—H (X, x ))+ (nx H 5, x) = (n+ 1) xH (2, (% %)) — L (%, xv)},

Sin = n{%((n +2) xlz) —(n+1)x*)(H ;?1)1+1(xv’ x)— H(Z) 41 (X, X)) + X xv(H gzolm(xm x)

2*x

- H(nz-)kln(xm X)) - v (H( 1)('xv’ X) H o (‘xv’ Y)) + £ (H<7L+11)7L+1(‘x’l/" ‘x)

2%

- H (nli)—ln+1(xvﬂ x)) B );2 ((n + ]) X*H i) (xm x) - (l’l + 2) xv H(nl-z—anrl(xm x))

+KP(x, xv)} ,

= J(n+2) x* —nx™) (D), 106, ) = I 04206, %)) = X% (T, (6, X) = T34, 0x, X))

2

x2— x2*

+

*
(mx*J 0 (x, x)+ (n+2) xJ §), i (6, x) = xx*T )L (e, X)) + % (GP(x)

+GP(x)),
Se, =X (n+2) x> —nx®*) (J O, (x, x) = JE,,(x, ) * — xx* (SO (x, x) =T & (x, x)*

2

4+ (nxJ(” (o, x)+(n+2) x* T (e, x) = xx* T @ L (x, x))*

7)

*k
+53 (G + GR ().
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S77L = n{%((n + 2) x:lz) - (n + 1) xz*) (ngﬂzl+l(x'1)’ x) J(Z) n+ 1(Y’L’ x)) + x X (Jsi)ilﬂ(x’u’ x)

'2
— T80 XN ”(J‘ D x) — T D, )+ ”(Jiszm(xwx)

((n + 1) x*I 0 (x0, ) = (14 2)x, T 11X X))

- J%—%—ln-kl(xw x))
1

RO, z,>+1<<2>(x,xv))},
Sy = (142) {%(nxz* 4+ 1)) (T 1) — T2 (g X * — 53 (0415, 1)

xax;: - ) * 4 XX, -1
3 (T3, ) = T (X, X)) * + (‘]n+1n+1(xv’x)

- J(Z) +1(x113 Y))’l‘

n+1n+1(x7,’ x))* + 2 (nx J(‘)(x“ x)—(n+1) Y*J(l) i (X X)) — 2(L§zl)(x: x,)

+LOG )]
Ssm = (x ]n(x)]n(x*)+ x]n+1(x)]n+](')” ))
Here HO\ (61, x) =j IO (e, ) KO (et ) dy
1

1 m
= 3 3 B, X{*I(xd) VE, (ixF —ix),

k=0 g=0

JB(xy,x 2)—f TIRP (0, 1) o (xE ) dy

= 33 S By WO (it — i) — (= Dy (=i i)
(= ) (m+ )t
Qi) kI (n—k)tqg!(m— q)!’
x=kR, x,=k,R,
GO(x) = X (RP Y (B () -+ XL () (B, ().

(n+1)x*
x2

B, = M=2+k+g+j; j=-1,0,1,2;

L x,) = () U G = (L () A (),

v

2%
KO, x,) = PEDXT G0 0oy b0 ) — xRy (2 (v,

1=1,2; (W) = dh(x)/dx.

Here h{’(z) is the spherical Hankel function of the /th kind, E,(z) is the integral
exponent of order n (Abramowitz & Stegun 19653).
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C.2. Approximate expressions for the functions S;,(n = 0, 1) in the limiting case

Ix| €1 < |x,)|
S, = 4x73x2, S, = 81x7x7%,
Sy =0, Sy = 3x,2(1 4 2i) exp (ix, — x,),
Sy = 10x7'x%exp(—x,), 83 = 30ix%x2exp(—x,),
Sy = S, = 126x73x, % exp (ix,),
S50 = 31(1 +x,%), Ss1 = 2i(5+ 14x3,?),
S0 = 3i(1 —x;%), Se1 = 15i(5— 14x,%),
Sy =0, S, = 2 — x%x,%exp (ix,),

15

Sgo = %x x,2exp(—x,), S = 2xx.%(1+x,)exp(—x,),

Sgo = Sgp = x°x,%.
C.3. Approximate expressions for the functions S;,(n = 0,1) in the limiting case
x| < lx,| <1
The expressions for the functions S,,, S;,, S, and Sy, (» = 0, 1) are identical with the
ones given above.

Sy =0, Sy = —6ix, (27— x2),
Sy = 3,13+ x3), Sy, = ix72x,°(162 —15x2),
S =0, Sy ==X (18 4+ x2),
S, =0, Sy = —15ixx (7 +4x0),

Sgo = —3ix%x;4(2—5x2), S = xx,*(2—x2).
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